Matrix Computations and Applications Matrix Problems in Machine Learning

Lecture Notes 1: Matrix Problems in Machine Learning
Professor: Zhihua Zhang Scribe: Qi Yu, Yizhi Liu

1 PageRank

1.1 Network Described by Matrix

A network of web pages and links with directed edge from one page to another means that
first page contains at least one link to the second. For example,

910« /llwli—— 12+
1374 > 1474 » 15«

Figure 1: A sample network

The graph can be described as an Adjacency Matrix.

Definition 1.1 Adjacency Matriz is a matriz where a;; = 1 iff there is a link from A; to
Aj and 0 otherwise.

1.2 Google Matrix

The crawler sits at page i with probability p;. Next, it either moves to a random page(with
fixed probability ¢), or with probability 1 — ¢ clicks randomly on a link from the current
page i.
The probability of the crawler moving from page i to page j is
a, (A-9Ay

1
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Where n; is the sum of the ith row of A.
Thus,

n
qpi pi
pj = Z:(;Z +(1 - Q);:Aij)
=1

We define an nxn matrix G satisfies

P
P2
. | =Gp = p=Gp
Pn
Proposition 1.1

1
G'1=1 where 1= | :
1

Proof:

Yo=Yt -9
i=1 ¢

j=1
1

n
—q
o ZAijZQ+1_q:1 O

(2

j=1

Thus, G is a column stochastic matrix and 1 is the eigenvalue. Since G is positive,
where p(G) is the spectral radius of G, i.e., p(G) = { max; |\;| }.

1.3 Properties of PageRank

With ¢ = 0.15, p = (0.0268, 0.0299, 0.0299, 0.026, 0.0396, 0.0396, 0.0396, 0.0746, 0.1063,
0.1063,0.0740, 0.1251,0.1163,0.1251)7, Notice that although page 10 and page 11 have the
biggest indegree, page 13 and page 15 gain the largest PageRank. It is somewhat reasonable
since page 10 and page 11 - the giants have link to them respectively.

2 Principal Component Analysis (PCA)

2.1 PC Transformation

Definition 2.1 If x € R? is a random vector with mean p and covariance matriz 3, then
the PC transformation is the transformation

x—y=T"(z—p)
where ' is orthogonal, I'TSr = A is diagonal and A\ > Ay > --- > X\, > 0.
We have y € R? where ¢ < p and y; = 'yZT(:c — ). We say y; is the ith PC of x and ~; is the
ith column of T, i.e., the ith vector of PC loadings. Also, I'7XT' = A implies ¥ = T'ATT.
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2.2 Sample PCA

Let X = (x1,x2, - ,xn)! which is an n x p matrix. Sample variance
1 n
Sy = - Z(a;z —Z)(x; —z)7
=1
(z1 —2)"
1 _ _ | @—-3)T
:*($1_$7$2_m> 7mn_$)
(xn —2)7
where
1 n
Ir=— x; = —XT1
n n
=1
Then,
1
*[(mlam% 73371)—(@’@, 7ZE)]
1 1 1 1
= —(xT - —xT117) = = x*(1,, — ~117)
n n
1
= -X"H
n

where H = I, — %11T is center matrix, which satisfies H1 = 0.

Proposition 2.1 H is idempotent, i.e., HH = H .

Proof: ) )
HH = (In - Elnlg)(In - ﬁlnlg)
=1, - glan + iln(1T1n)1T —H O
n n n2 n n
Thus,

S, = (lXTH)(XTH)T = (lXTH)(HX)
n n
1 T T
= Ex(an)['IX(nXp) = FAF

Since Y = (y1,v2, - ,yn)! = (X - 1,2")I = HXT,
1
Sy = -Y"HY
n
1
= I "TXTHHHXT
n
1 T T
= ITXTHXT
n

=T7S, T =A
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3 Principal Coordinate Analysis (PCO)

3.1 Principal Coordinate
In PCA we have § = XTHHX = T'AT”, while in PCO we consider B=HXXTH.

Definition 3.1 Let v; be the ith eigenvector of B, i.e., Bv; = \;v;, where v; normalized
by vlv; = X\;. For fized k(1 < k < p), the rows of Vinxk) = (v1,v2,- - ,vk) are called the
principal coordinates of X in k dimension.

Note: Since EF and FE always have the same non-zero eigenvalues, \; is also the
eigenvalue of S.

Theorem 3.1 (Duality between PCA and PCO) The principal-coordinates of X in
k dimensions are given by the centered scores of the n objects on the first k principal
components. i.e., V. =Y pcs) = HXT.

Proof: Use SVD to get HX = PDQ™. We have

Bpcoy=HXX"H = PDDP" = PD*P" (1)

Spcay = XTHHX =TAT" = QD?*Q" (2)

From (1),
B=HXX"H=PD?*P"T = BP=PD?
= BPD = PD?D

Since BV = VA, we have V = PD and A = D?> =TT3T.
From (2), we have I' = Q. Thus,

Ypcay=HXT =PDQTQ=PD=V O

3.2 Comparison of PCA and PCO

If X = (21,22, - ,:cn)T which is an n x p matrix, where @x; represents a data vector with
p features. It is more efficient to use PCA when p < n, and PCO otherwise.

4 Classical Multidimensional Scaling (MDS)

Definition 4.1 A distance matriz D is called Fuclidean if there exists a configuration of
points in some Euclidean space whose inter-points distances are given by D = [d2,] . Suppose
X1, X2, ...,X, € RP such that

dq%s = (%, — XS)T(XT —Xs) =[x, — XSH%

Definition 4.2 A n by n matriz A is said to be metric if

e a;; =0 foralli =1,2....,n



® aij + a;; > aji for all triples (i,5,k)
Proposition 4.1 A has following properties

e a;; >0

o A is symmelric

Corollary 4.1 A FEuclidean Distance matriz is metric, but a metric matrix is not neces-
sarily Fuclidean

Example 4.1 Consider 4 points situation, Py, Py, Py, Py. Their distance matriz is as fol-
lows

0 2 2 11
2 0 2 11
2 2 0 11
1.1 11 1.1 0

We can view Py, Pa, P53 as vertices of equilateral triangle and Py as a point with the same
distance to other points. It’s easy to show that Py satisfying above distance matriz does not
exist. However, the distance matriz itself is metric.

Theorem 4.1 Let A = [a,s] = [~3d2,] , D be a distance matriz and define B = HAH,

2%rs
then D is Euclidean iff B is positive semi-definite(p.s.d).
Proof: (a) If D is the matrix of Euclidean inter-point distances for a configuration
n
Z = (21,29, ...,2,)", then b, = (z, —2)" (zs —2),5 = 1,..,n, where z = % >z
i=1

1 1
B=HAH= (I, - -1,1))A(1, — ~=1,17)
n n

n n
=A— lAlan - l1,11TA + i1,11TA1711T
n n n n 77,2 n n

=A-aq1l —1,d,+a1,1F

n n n n
wherea},:%Zarj,af5:%ZaiS anda’,_:# D3 aps
j=1 i=1 r=1s=1
The element-wise representation of B is b,; = a,s — a,. — d.s + a@... Substitute a,s; and
dys With a,s = —3d%; and d?; = (z, — z,)" (2, — z5) We get to the conclusion.
(b)If B is p.s.d of rank P, then a configuration corresponding to B can be constricted
as follows:
Let A1 > A2 > ...\, > 0 denote the positive eigenvalues of B, with corresponding

eigenvectors X = (x(;), - - - , X(p)) normalized by xl-Txl- = \;, where x; = (x;1,. .., l‘ip)T.

B =TAT? = TAzA:T7
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BI'Az = TATT Az
—TAAZ =TAZA

Let X = I‘A%, then B = XX Since b, = xfxs, brs = ars — ay. — d.s + .. we have

(x, — x5) 7 (%, — x5) = xL %, — 2x1x, + XL x4

2
= Qpr — 2075 + Qss = —2a55 = drs'

Plus, since B = HAH, B1, = HAH1,, = 01,, which means that 0 is an eigenvalue
of B and 1,, is the corresponding eigenvector. For eigenvectors corresponding to different
eigenvalues, they are orthogonal. So we have 11X = 0.

5 Fisher Linear Discrimination Analysis

Let X = {x1,X2,...,X,} CRP, X = U{_ X}, X # 0, ;N X; = ¢. Suppose X is classified
-~ c _ n c R
in c classes, n; = |, Xj = = 3 xj,then Y mj=nand ¥ =13 X =3 22X
T xi€X; i=1 i=1 j=1

c — — —

Definition 5.1 between-class scatter matriz Sy = > “2(X; — X)(X; — X)T

n
=1

(xi — &) (x; — )T
1x;€)

C
Definition 5.2 within-class scatter matrixz S, =

1
n .

J

From definition, we have
S=8Su+Sy=213(x;— X)(x; — X)T

A good solution to this classification problem is one with a small within-class difference
and a big between-class difference. Thus we can solve the problem by minimizing tr(S,'S).

Besides classification, we also want to reduce the dimension of data, which means that
we want to find Y = XA with a small value of tr(S;. Sys), where X = (x1,X2,- - , %)
Since

Syw = ATSXwA and SYb = ATSXbA

the whole problem can be transformed as the following optimization problem:

argmax [tr((ATSx,A) L (ATSxpA))]
A
We have f(A) : RP*? — R f(A) = tr((ATSx,A) 1 (ATSx,A)). Solving equation
of

5a = 0 gives the answer.

Lemma 5.1 For matriz B, we have dB~! = —-B~1(dB)B~!
Proof: BB !==1,dBB"'4+BdB!=0dB!=-B !(dB)B™!

(u(BA) _ g

Lemma 5.2 For matriz A, B, we have =5+
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Denote Sxp,Sxq, as S; and So.

df (A) = tr(d(ATS;A)TATS A + (ATS,A)71d(ATS A))
= tr(d(ATS;A)TATS A) + tr((ATS,A)71d(ATS A))

tr((ATS,A)1d(ATS1A)) = tr(S1A(ATS,A)1dAT) 4 tr((ATS; A7) ATS,dA))
= 2tr(S;A(ATS,A)"1dAT)

tr(d(ATS,A)TATS|A) = —tr((ATS,A) 1d(ATS;A)(ATS,A)LATS A)
= —tr((ATS;A) " (dATS,A + ATS,dA)(ATS,A)1TATS A)
= —tr((ATS,A) "1 (dATS;A)(ATS;A)TATS A)—
tr((ATS;A) ATS,dA(ATS,A)1ATS A)
= —2tr(SHA(ATS,A) " HATS,A)TATS AdAT)

Af  O(—2tr(S:A(ATS,A)1(ATS,A)TATS; AdAT) + 2tr(S1A(ATS,A) " 1dAT))
OA A
= 2tr(—SyA(ATS,A)TATS | A(ATS,A) L+ S1A(ATS,A) ) =0

SIAATS,A) =S, A(ATS,A) TATS A (ATS,A) !

S1A = S2A(ATS,A)TATS A
=S, A(UUT)~tupu”
=S, AU TDUT

S;AU T =s,AU D

Let AU = B The problem is transformed into a equivalent generalized eigenvalue
problem S;1B = SoBD.



