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Lecture Notes 1: Matrix Problems in Machine Learning

Professor: Zhihua Zhang Scribe: Qi Yu, Yizhi Liu

1 PageRank

1.1 Network Described by Matrix

A network of web pages and links with directed edge from one page to another means that
first page contains at least one link to the second. For example,

Figure 1: A sample network

The graph can be described as an Adjacency Matrix.

Definition 1.1 Adjacency Matrix is a matrix where aij = 1 iff there is a link from Ai to
Aj and 0 otherwise.

1.2 Google Matrix

The crawler sits at page i with probability pi. Next, it either moves to a random page(with
fixed probability q), or with probability 1 − q clicks randomly on a link from the current
page i.
The probability of the crawler moving from page i to page j is

q

n
+

(1− q)Aij

ni
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Where ni is the sum of the ith row of A.
Thus,

pj =

n∑
i=1

(
qpi
n

+ (1− q) pi
ni
Aij)

We define an n×n matrix G satisfies
p1
p2
...
pn

 = Gp ⇒ p = Gp

Proposition 1.1

GT1 = 1 where 1 =

 1
...
1


Proof:

n∑
i=1

Gij =
n∑

j=1

(
q

n
+ (1− q)Aij

ni
)

= q +
1− q
ni

n∑
j=1

Aij = q + 1− q = 1 2

Thus, G is a column stochastic matrix and 1 is the eigenvalue. Since G is positive,

Gx = ρ(G)x ⇒ Gx = x

where ρ(G) is the spectral radius of G, i.e., ρ(G) = { maxi |λi| }.

1.3 Properties of PageRank

With q = 0.15, p = (0.0268, 0.0299, 0.0299, 0.026, 0.0396, 0.0396, 0.0396, 0.0746, 0.1063,
0.1063, 0.0740, 0.1251, 0.1163, 0.1251)T , Notice that although page 10 and page 11 have the
biggest indegree, page 13 and page 15 gain the largest PageRank. It is somewhat reasonable
since page 10 and page 11 - the giants have link to them respectively.

2 Principal Component Analysis (PCA)

2.1 PC Transformation

Definition 2.1 If x ∈ Rp is a random vector with mean µ and covariance matrix Σ, then
the PC transformation is the transformation

x→ y = ΓT (x− µ)

where Γ is orthogonal, ΓTΣΓ = Λ is diagonal and λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0.

We have y ∈ Rq where q ≤ p and yi = γT
i (x−µ). We say yi is the ith PC of x and γi is the

ith column of Γ, i.e., the ith vector of PC loadings. Also, ΓTΣΓ = Λ implies Σ = ΓΛΓT .
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2.2 Sample PCA

Let X = (x1,x2, · · · ,xn)T which is an n× p matrix. Sample variance

Sx =
1

n

n∑
i=1

(xi − x̄)(xi − x̄)T

=
1

n
(x1 − x̄,x2 − x̄, · · · ,xn − x̄)


(x1 − x̄)T

(x2 − x̄)T

...
(xn − x̄)T


where

x̄ =
1

n

n∑
i=1

xi =
1

n
XT1

Then,
1

n
[(x1,x2, · · · ,xn)− (x̄, x̄, · · · , x̄)]

=
1

n
(XT − 1

n
XT11T ) =

1

n
XT (In −

1

n
11T )

=
1

n
XTH

where H = In − 1
n11T is center matrix, which satisfies H1 = 0.

Proposition 2.1 H is idempotent, i.e., HH = H.

Proof:

HH = (In −
1

n
1n1T

n)(In −
1

n
1n1T

n)

= In −
2

n
1n1T

n +
1

n2
1n(1T

n1n)1T
n = H 2

Thus,

Sx = (
1

n
XTH)(XTH)T = (

1

n
XTH)(HX)

=
1

n
XT

(p×n)HX(n×p) = ΓΛΓT

Since Y = (y1,y2, · · · ,yn)T = (X− 1nx̄
T )Γ = HXΓ,

SY =
1

n
Y HHY

=
1

n
ΓTXTHHHXΓ

=
1

n
ΓTXTHXΓ

= ΓTSxΓ = Λ
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3 Principal Coordinate Analysis (PCO)

3.1 Principal Coordinate

In PCA we have S = XTHHX = ΓΛΓT , while in PCO we consider B = HXXTH.

Definition 3.1 Let vi be the ith eigenvector of B, i.e., Bvi = λivi, where vi normalized
by vTi vi = λi. For fixed k(1 ≤ k ≤ p), the rows of V(n×k) = (v1,v2, · · · ,vk) are called the
principal coordinates of X in k dimension.

Note: Since EF and FE always have the same non-zero eigenvalues, λi is also the
eigenvalue of S.

Theorem 3.1 (Duality between PCA and PCO) The principal-coordinates of X in
k dimensions are given by the centered scores of the n objects on the first k principal
components. i.e., V = Y(PCA) = HXΓ.

Proof: Use SVD to get HX = PDQT . We have

B(PCO) = HXXTH = PDDP T = PD2P T (1)

Σ(PCA) = XTHHX = ΓΛΓT = QD2QT (2)

From (1),
B = HXXTH = PD2P T ⇒ BP = PD2

⇒ BPD = PD2D

Since BV = V Λ, we have V = PD and Λ = D2 = ΓTΣΓ.
From (2), we have Γ = Q. Thus,

Y(PCA) = HXΓ = PDQTQ = PD = V 2

3.2 Comparison of PCA and PCO

If X = (x1,x2, · · · ,xn)T which is an n× p matrix, where xi represents a data vector with
p features. It is more efficient to use PCA when p < n, and PCO otherwise.

4 Classical Multidimensional Scaling (MDS)

Definition 4.1 A distance matrix D is called Euclidean if there exists a configuration of
points in some Euclidean space whose inter-points distances are given by D = [d2rs] . Suppose
x1,x2, ...,xn ∈ Rp such that

d2rs = (xr − xs)
T (xr − xs) = ||xr − xs||22

Definition 4.2 A n by n matrix A is said to be metric if

• aii = 0 for all i = 1,2...,n
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• aij + aik ≥ ajk for all triples (i,j,k)

Proposition 4.1 A has following properties

• ai,j ≥ 0

• A is symmetric

Corollary 4.1 A Euclidean Distance matrix is metric, but a metric matrix is not neces-
sarily Euclidean

Example 4.1 Consider 4 points situation, P1, P2, P3, P4. Their distance matrix is as fol-
lows 

0 2 2 1.1
2 0 2 1.1
2 2 0 1.1

1.1 1.1 1.1 0


We can view P1, P2, P3 as vertices of equilateral triangle and P4 as a point with the same

distance to other points. It’s easy to show that P4 satisfying above distance matrix does not
exist. However, the distance matrix itself is metric.

Theorem 4.1 Let A = [ars] = [−1
2d

2
rs] , D be a distance matrix and define B = HAH,

then D is Euclidean iff B is positive semi-definite(p.s.d).

Proof: (a) If D is the matrix of Euclidean inter-point distances for a configuration

Z = (z1, z2, ..., zn)T , then brs = (zr − z̄)T (zs − z̄), s = 1, .., n, where z̄ = 1
n

n∑
i=1

zi

B = HAH = (In −
1

n
1n1T

n )A(In −
1

n
1n1T

n )

= A− 1

n
A1n1T

n −
1

n
1n1T

nA +
1

n2
1n1T

nA1n1T
n

= A− ār.1T
n − 1nā.s + ā..1n1T

n

where ār. = 1
n

n∑
j=1

arj , ā.s = 1
n

n∑
i=1

ais and ā.. = 1
n2

n∑
r=1

n∑
s=1

ars

The element-wise representation of B is brs = ars − ār. − ā.s + ā... Substitute ars and
drs with ars = −1

2d
2
rs and d2rs = (zr − zs)

T (zr − zs) we get to the conclusion.

(b)If B is p.s.d of rank P, then a configuration corresponding to B can be constricted
as follows:

Let λ1 ≥ λ2 ≥ . . . λp > 0 denote the positive eigenvalues of B, with corresponding
eigenvectors X = (x(i), . . . ,x(p)) normalized by xT

i xi = λi, where xi = (xi1, . . . , xip)
T .

B = ΓΛΓT = ΓΛ
1
2 Λ

1
2 ΓT
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BΓΛ
1
2 = ΓΛΓT .ΓΛ

1
2

= ΓΛΛ
1
2 = ΓΛ

1
2 Λ

Let X = ΓΛ
1
2 , then B = XXT . Since brs = xT

r xs, brs = ars − ār. − ā.s + ā.. we have

(xr − xs)
T (xr − xs) = xT

r xr − 2xT
r xs + xT

s xs

= arr − 2ars + ass = −2ars = d2rs.

Plus, since B = HAH, B1n = HAH1n = 01n which means that 0 is an eigenvalue
of B and 1n is the corresponding eigenvector. For eigenvectors corresponding to different
eigenvalues, they are orthogonal. So we have 1T

nX = 0.

5 Fisher Linear Discrimination Analysis

Let X = {x1,x2, . . . ,xn} ⊂ Rp, X = ∪ci=1Xi, Xi 6= ø, Xi ∩ Xj = ø. Suppose X is classified

in c classes, ni = |Xi|, X̄j = 1
nj

∑
xi∈Xj

xi, then
c∑

i=1
ni = n and X̄ = 1

n

n∑
i=1
Xi =

c∑
j=1

nj

n X̄j

Definition 5.1 between-class scatter matrix Sb =
c∑

j=1

nj

n (X̄j − X̄ )(X̄j − X̄ )T

Definition 5.2 within-class scatter matrix Sw = 1
n

c∑
j=1

∑
xi∈Xj

(xi − X̄j)(xi − X̄j)
T

From definition, we have

S = Sw + Sb = 1
n

n∑
i=1

(xi − X̄ )(xi − X̄ )T

A good solution to this classification problem is one with a small within-class difference
and a big between-class difference. Thus we can solve the problem by minimizing tr(S−1w Sb).

Besides classification, we also want to reduce the dimension of data, which means that
we want to find Y = XA with a small value of tr(S−1Y wSY b), where X = (x1,x2, · · · ,xn)T .
Since

SY w = ATSXwA and SY b = ATSXbA
the whole problem can be transformed as the following optimization problem:

argmax
A

[tr((ATSXwA)−1(ATSXbA))]

We have f(A) : Rp×q 7→ R f(A) = tr((ATSXwA)−1(ATSXbA)). Solving equation
∂f
∂A = 0 gives the answer.

Lemma 5.1 For matrix B, we have dB−1 = −B−1(dB)B−1

Proof: BB−1 == I, dBB−1 + BdB−1 = 0 dB−1 = −B−1(dB)B−1

Lemma 5.2 For matrix A, B, we have (∂tr(BA))
∂AT = B
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Denote SXb,SXw as S1 and S2.

df(A) = tr(d(ATS2A)−1ATS1A + (ATS2A)−1d(ATS1A))

= tr(d(ATS2A)−1ATS1A) + tr((ATS2A)−1d(ATS1A))

tr((ATS2A)−1d(ATS1A)) = tr(S1A(ATS2A)−1dAT ) + tr((ATS2A
−1)ATS2dA))

= 2tr(S1A(ATS2A)−1dAT )

tr(d(ATS2A)−1ATS1A) = −tr((ATS2A)−1d(ATS2A)(ATS2A)−1ATS1A)

= −tr((ATS2A)−1(dATS2A + ATS2dA)(ATS2A)−1ATS1A)

= −tr((ATS2A)−1(dATS2A)(ATS2A)−1ATS1A)−
tr((ATS2A)−1ATS2dA(ATS2A)−1ATS1A)

= −2tr(S2A(ATS2A)−1(ATS2A)−1ATS1AdA
T )

∂f

∂A
=
∂(−2tr(S2A(ATS2A)−1(ATS2A)−1ATS1AdA

T ) + 2tr(S1A(ATS2A)−1dAT ))

∂A

= 2tr(−S2A(ATS2A)−1ATS1A(ATS2A)−1 + S1A(ATS2A)−1) = 0

S1A(ATS2A)−1 = S2A(ATS2A)−1ATS1A(ATS2A)−1

S1A = S2A(ATS2A)−1ATS1A

= S2A(UUT )−1UDUT

= S2AU−TDUT

S1AU−T = S2AU−TD

Let AU−T = B The problem is transformed into a equivalent generalized eigenvalue
problem S1B = S2BD.
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