Exams for Matrix Computations

June 18, 2010

1 Problem 1

For each A € R™", prove that its Moore-Penrose inverse exists and is unique.

2 Problem 2

Let A and B € R™" be symmetric. Suppose that B is positive definite. Prove
that if A; and 4, are the largest and smallest eigenvalues of B !A, then
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3 Problem3

Let A = [a;;] be a pXg matrix and B = [b;;] be an rxs matrix. The Kronecker
product of A and B, denoted by A ® B, is the pr X gs matrix
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Prove

(a) If A is mxn, B is pXxq, C is nxr, and D is gXs, then
(A®B)(C®D) = (AC) ® (BD).

(b) (A®B) = AT @B

(c) If A and B are both m X m, then

tr(A ® B) = tr(A)tr(B).



(d) If A and B are nonsingular, then
A®B)'=A"1@B .
(e) If A is mxm and B is nxn, then

det(A ® B) = (det(A))"(det(B))™.

4 Problem 4

Let A be real and antisymmetric (i.e., AT = —A). Show that I - A and I + A
are both nonsingular and that (I — A)~'(I + A) is orthogonal.

5 Problem 5

Show that [Ix]}; X/l < “5¥2|Ix|2 for any x € R”.

6 Problem 6

Let A € R™" have eigenvalues A1, A5 .. ., 4, and singular values oy, 03, . .., 0.

Prove that
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with equality if and only if A is normal.

7 Problem 7

For A € R™", let ¢ = min{m, n}, and let o'y > 0 > --- > o, be the singular
values of A. Prove

(a) 231.:1 o j is a matrix norm on R"*";

(b) Z?Z | 0j is not a matrix operator norm on R"",



