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1 Problem 1

For each A ∈ Rm×n, prove that its Moore-Penrose inverse exists and is unique.

2 Problem 2

Let A and B ∈ Rn×n be symmetric. Suppose that B is positive definite. Prove
that if λ1 and λn are the largest and smallest eigenvalues of B−1A, then

λn ≤
xT Ax
xT Bx

≤ λ1 for any x , 0.

3 Problem 3

Let A = [ai j] be a p×q matrix and B = [bi j] be an r×s matrix. The Kronecker
product of A and B, denoted by A ⊗ B, is the pr × qs matrix

A ⊗ B =


a11B a12B · · · a1qB
a21B a22B · · · a2qB
...

...
. . .

...

ap1B ap2B · · · apqB

 .
Prove

(a) If A is m×n, B is p×q, C is n×r, and D is q×s, then

(A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD).

(b) (A ⊗ B)T = AT ⊗ BT .

(c) If A and B are both m × m, then

tr(A ⊗ B) = tr(A)tr(B).
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(d) If A and B are nonsingular, then

(A ⊗ B)−1 = A−1 ⊗ B−1.

(e) If A is m×m and B is n×n, then

det(A ⊗ B) = (det(A))n(det(B))m.

4 Problem 4

Let A be real and antisymmetric (i.e., AT = −A). Show that I − A and I + A
are both nonsingular and that (I − A)−1(I + A) is orthogonal.

5 Problem 5

Show that ∥x∥1∥x∥∞ ≤ 1+
√

n
2 ∥x∥22 for any x ∈ Rn.

6 Problem 6

Let A ∈ Rn×n have eigenvalues λ1, λ2 . . . , λn and singular valuesσ1, σ2, . . . , σn.
Prove that

∥A∥2F =
n∑

i=1

σ2
i ≥

n∑
i=1

|λi|2,

with equality if and only if A is normal.

7 Problem 7

For A ∈ Rm×n, let q = min{m, n}, and let σ1 ≥ σ2 ≥ · · · ≥ σq be the singular
values of A. Prove

(a)
∑q

j=1 σ j is a matrix norm on Rm×n;

(b)
∑q

j=1 σ j is not a matrix operator norm on Rm×n.
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